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A Study of the Noise-Temperature
Performance of a Satellite Communications
Low-Noise Amplifier Subsystem

MITSUGI KAJIKAWA

Abstract — The heart of the low-noise amplifier (LNA) subsystem is the
parametric amplifier which consists of a parametric amplifier proper and a
circulator. The LNA subsystem can be simplified into an equivalent circuit,
to evaluate its noise-temperature performance by assuming that it consists
of a parametric amplifier proper and a circulator, which in its overall sense
includes the additional components of the input line as elements in one arm
of the circulator. Using this simplified equivalent circuit, the noise-temper-
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ature performance is analyzed theoretically and provides a precise value for
the LNA subsystem noise-temperature degradation, the noise-temperature
increase of the earth-station receiving system caused by connecting an
actual antenna to the subsystem and the measurement error of the
HOT/COLD load noise temperature measurement method.

I. INTRODUCTION

“N A SATELLITE communications earth station, the
low-noise amplifier (LNA) subsystem is one of the
most important subsystems and its noise temperature per-
formance makes a major contribution to the figure of merit
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G /T of the earth-station receiving system. The LNA sub-
system is usually in a redundant configuration with two
identical LNA units connected to a protection switch. In
addition, several components such as a transmit reject filter
and directional coupler are connected to the input port of
the LNA subsystem. Currently, the heart of the LNA unit
is a parametric amplifier which is followed by a low-noise
FET amplifier. Consequently, the noise-temperature per-
formance of the LNA subsystem is influenced by the
parametric amplifier, redundancy protection switch, trans-
mit reject filter, directional coupler, and FET amplifier.

Though the noise-temperature performance of a para-
metric amplifier has been discussed in several papers [1}],
[2], that of the overall LNA subsystem has not been dealt
with in any paper. Moreover, those papers analyzing the
parametric amplifier assume the circulator, which is a key
element of a parametric amplifier, is an ideal circulator and
thus are not truly valid for an actual application. One
paper treats effects of mismatch in parametric amplifier
system noise measurements [3]. However, its analysis does
not reach the effect caused by the circulator’s mismatch.

In actual fact, a noise-temperature degradation of even 1
K cannot be neglected, and therefore an analysis of the
overall noise-temperature performance is much more im-
portant.

In order to satisfy this requirement, this paper describes
in detail the theoretical analysis of the LNA subsystem
noise-temperature performance. The starting point of this
theoretical analysis is not to treat the circulator as an ideal
circulator and include in its overall equivalent circulator
those components which are connected to the input port of
the parametric amplifier. Consequently, the development
of this theory is to analyze the effect, given by the circula-
tor in its overall sense, on the noise-temperature perfor-
mance of a reflection-type amplifier. The noise-tempera-
ture contribution from the following FET amplifier is not
included in this discussion, because it can be easily esti-
mated by dividing the noise temperature by the gain of the
parametric amplifier,

The effect of the circulator on the overall noise-tempera-
ture performance can be classified into three categories: 1)
the neise temperature degradation of the LNA subsystem
itself; 2) when the LNA subsystem is connected to an
actual antenna, the noise temperature of the earth-station
receiving system increases due to the residual reflection
coefficient of the antenna; and 3) the noise-temperature
measurement error introduced by the HOT/coLD load-
measurement method, due to the same residual reflection
coefficients of these loads.

II. EQUIVALENT CIRCUIT

The equivalent circuit of the LNA subsystem is shown in
Fig. 1. Therefore, it is clear that the noise temperature is
influenced not only by the parametric amplifier proper but
also by the circulator, the waveguide switch, the directional
coupler, the transmit reject filter, and the following ampli-
fier. Since the noise-temperature contribution, caused by
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Fig. 1. Equivalent circuit of an LNA subsystem.

the following amplifier, can be easily calculated by dividing
the noise of the amplifier by the gain from the input to the
output of the parametric amplifier, it is not discussed in
this paper.

Those components connected in the input line to the
circulator can be combined into a single two-port network
and characterized by the scattering matrix

Y Bu
['321 ] (1)

22
The circulator Which is a seemingly symmetrical three-
port one can also be characterized by the scattering matrix

Yio B 23
ay Yo By (2)
By 730

In order to make the following analysis easy, the circula-
tor in its overall sense defined as including those compo-
nents connected in the input line as a part of its input port
is introduced and characterized by the scattering matrix

n B e
a 7 B (3
By a; 1

which is a resultant of cascading (2) with (1) as shown in

Appendix 1.

Thus, the equivalent circuit can be converted into Fig. 2
showing a reflection-type amplifier proper connected to a
circulator in its overall sense which is incomplete and not
ideal.

The relation between the incident and reflection waves is
expressed by

b, n B el
by[=lay m B, || a2
by By e v|as

Now, the actual numbers of (3) are estimated to calcu-
late the examples of the noise temperature in the following

(4)
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Fig. 2. Equivalent circuit of an amplifier proper and a circulator.

description. As an example, assuming that the basic circu-
lator’s performance in the satellite communication band
3.7 to 4.2 GHz distributes in the range as follows:

—0.07~ —0.15
(%)
less than —23

1010g|ai0|2,
10log| Bio|?, 1010g|7,q|?,

and the two-port network in the same frequency band is

characterized by
10log|B,,|?, 10log| B, |3, —0.07~ —0.20 )
less than —27 |

10108|711|2a 1010g|722|2,

(3) is approximately calculated as follows:

10log|a,|?, 10log|es|?,  —0.14~ —0.35 ]
101og|a,|?, —0.07~0.15
10log{B,|?, 101og|B;|%,  less than —23.07 )
10log|B, |3, less than —18.81
10log|v,|?, less than —18.84
10log|y,|2, 10log|y;]2,  less than —22.62 |

Thus, the following figures are used as the basis for
presenting examples:
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NOISE-TEMPERATURE DEGRADATION OF THE
LNA

Firstly, the noise-temperature degradation of the para-
metric amplifier proper caused by the circulator’s incom-
pleteness is analyzed, and then the noise caused by the
absorption loss of the circulator itself is considered.

Finally, the noise generated by the isolator which also
causes a noise-temperature increase is considered.

The total noise-temperature degradation can be esti-
mated by summing up these three causes of noise-tempera-
ture degradation.

III.

A. Noise Temperature Degradation of the Parameiric
Amplifier Proper

The reflection coefficient of the parametric amplifier
proper is expressed as

r=2%_a 9)
a Zg+ZO b2

The gain from port 1 to port 3 is, by assuming a, =0,
E #0,and E,=0

2
+ B4 .

ﬁ2

a,

T
T =|2| =| 222 (10)

1 Y I‘a
The voltage V and the current I at port 2 are expressed as
V= ‘/—Z—O— (a,+b,)

L (az"‘bz) '

1z,

Since the following relations

(11)

I=

\/Z—o—(az +b,)=E, "Zg{—l‘_(az - bz)}

VZ, (12)

b, =v,a,

can be established by assuming ¢, =0, E,=0, and E, + 0,
it is possible, by using those relations, to obtain the expres-
sion for the noise power appearing at port 3. By applying
several equation transformations as shown in Appendix I1,

10log|a;|*= —0.14, 10log| 8> = —23, 10log|y,|>= — 19

10log|a,|? = —0.07, 10log| B,|> = —19, 10log|y,|?> = —23

(8)

10log|a;|? = —0.14, 10log| B;|> = —23, 10log|v;|* = —23

However, care should be taken of the fact that since
those numbers are extreme ones they could cause rather
alarming noise-temperature degradations in the following
examples and if §8;, and vy,, were improved the degradations
would be significantly reduced.

the noise power of port 3 is expressed as

2|E,|* (ILI>—1)

4R |1—7,T,|? (13)

2
|"‘2“2| = |a2|
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which is rewritten, by converting it into the equivalent
value at port 1, using the basic noise-temperature expres-
sion,

— |aya,|? — ]EnIZ( _ 1 ) 1
TEBILP RE\ L) ) 1wk’
oy By a,L,
(14)

where k is the Boltzmann constant, and B is the band-
width.
If an ideal circulator (|o;| =1, 8,=0,y,=0) is applied,
(14) is expressed as
—|1- 1 {exchangeable noise power [4] }
U kB '

T,

-4

(15)
Accordingly, the noise-temperature degradation of the
parametric amplifier can be calculated from the expression

T, 1

€

= = - (16)

1—9,T
2 2~a
'all 1+8, oa,T,

whose denominator is equivalent to the effect of the circu-
lator.

An example of the effect is shown in Fig. 3. The extent
of the effect varies depending on the phase of B;(1—
v,I,)/a,a,T,. It becomes a maximum when the phases of
B;(1—v,I,)/a,a,T, and v,T, are 180 degrees and is a
minimum when those phases are 0 and 180 degrees, respec-
tively. The average effect can be obtained by assuming a
power summation shown as

1— Y2ra
aa,l,

21+ |72I‘a|?:

2
=1+
ERPw—E

(17)

In (16), the factor |a,|? only means 7, is converted into

[
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IDEAL CIRCULATOR

Xi : LOSSLESS CIRCUIT
Li: LOSS CIRCUIT

Fig. 4. Equivalent circuit of a circulator.
the equivalent value at the input port, and the other factor

I_YZFa ? (18)

a0,
implies the effect of the isolation coefficient 8; from port 1
to port 3. Since (18) can be transformed into

1+ 8,

2 2
a1, a0,
=T, P / I-,T, (19)

which is equal to the actual gain (10) divided by the
assumed gain with 8, being 0, (19) varies around 1 depend-
ing on the phase difference between B, and the assumed
gain. When the leakage from port 1 to port 3 expressed by
B, is added to the assumed gain, the noise-temperature
reduction effect, from (19), becomes more than 1, and vice
versa.

B. Noise Temperature Increase Caused by the Circulator’s
Absorption Loss

Since this noise is difficult to analyze using only (3),
another equivalent circuit for the circulator shown in Fig. 4
is assumed. This assumption is justified in Appendix III.

Generally, the noise temperature generated by an at-
tenuator whose attenuation is 10log| L|*(dB) is equal to

(lL>-nr (20)

where T is the physical temperature of the attenuator.
Therefore, the noise temperature of L, and L, of Fig. 4 is
equal to

(1L, > - 1)T,, (1)

where T, is the physical temperature of the circulator.
Consequently, by dividing (21) by |B,,;|? for conversion
into the input, the noise temperature caused by the circula-
tor is obtained as follows:

1
T,=——(|L,L,|* ~ )T, (22)
|B121
1_ 2 1_ 2
~ 1 . {( Y114 )(2 [Yau1l )—I}Tac (23)
(1—|Y111| ) Jo
_ 2
(Ll Ly, (24
|| 1= |yl
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usually, |v,;,]> <1 being used as an approximation

1
e
|"‘1|2

Using (A.41) of Appendix III, the noise-temperature in-
crease becomes

_ |Yaul®

|"‘1|2

’1:10' (25)

- |Y111|2

2 2

_ BB

2
as

_ BBy

1
a

T

ac*

ng( 1 - —1- 1 -
oy lay]
(26)

If «, is all caused by absorption loss, T, could be obtained
from the first and second terms of (26). In actual fact,
however, «, partially includes reflection loss and thus
requires the third and fourth terms which compensate for
the effect of reflection loss at port 2 and 1, respectively. An
example of T}is shown in Fig. 5.

C. Noise Temperature Increase Caused by the Isolator

Usually, an isolator follows a reflection-type amplifier as
shown in Fig. 6. The noise corresponding to the physical
temperature T,, of the isolator is injected into port 3 and
degrades the noise-temperature performance.

Assuming E, =0, E,=0,a;%0,a,=0,and a, =I;b,in
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Fig. 1,
by o, BT,
as _Y3+ I—era

(27)
then the noise-temperature increase becomes

a, BT,
‘Y3 1 - 72 Fa

2
1

T. =
f
|To|?

T (28)

ar

2

Fa(“zﬁz — Y23 ) 7 T (29)
ar*

ra(a1a2 —Y28; )+ B;

Usually, |v,8;| <|oya,| and |B;| < |eya,T,|; thus, as an
approximation

B 2
_2_%+L T,;. (30)

T. ~
f
a, oo, aa,l,

The first term is the main contribution, governed by the
isolation coefficient from port 3 to port 2. The third term is
the secondary contribution corresponding to the reflection
coefficient of port 3 and the second term has a compara-
tively low contribution. An example is shown in Fig. 7.

D. Qverall Degradation

Summing up these three noise-temperature contribu-
tions, the noise-temperature degradation of the LNA is
given by

AT, =(T,~ T, )+ T, + 1. (31)
This degradation comes closer to 0 as the performance of
the circulator becomes more ideal.

IV. NoOiISE TEMPERATURE INCREASE INTRODUCED
BY THE ACTUAL ANTENNA

The actual antenna can be considered as a combination
of an ideal antenna and a lossless circuit as shown in Fig,.
8. Including the lossless circuit into the circulator, a new
circulator which treats the reference point A as the new
port 1 is defined. The new circulator’s theoretical expres-
sion is shown in Appendix IV.
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Firstly, T, corresponding to 7, becomes
Teo
1— Y:;. ra

z 7
ajas T,

]Z: |ﬁa21|2 2 (32)

leq| 2|1+ B3

by substituting (A.44) through (A.52) into (14) and multi-
plying |B,,,]? for conversion into the original input, the
approximation T, ~ T, is obtained.

Next, Ty corresponding to T, becomes

1
T/= B’ ——
| B 121 | 2
by substituting (A.53) into (22) and also multiplying | 8,,, |
as mentioned above. Using (A.57), approximately
1

IBIZI’Z

consequently, T; = T, is obtained.

Finally, T,, corresponding to T; becomes, substituting
(A44) through (A.52) into (30) in a similar manner as
above,

(IL, L2 -1)T,

ac

(33)

Te ('L1L2|2_1)Tac (34)

’ la,? ’ 2
_ RS Y3
Tfa |Ba21' a; ai“’z aia’zra Taz (35)
and then approximately
2
~|P2 ¥ L Vs
T;, = a, + a3V a0, + aa,l, I,. (36)
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The noise-temperature degradation caused by the reflec-
tion of the antenna is therefore expressed only by the
second term of (36). The process of this noise contribution
is that the noise from the isolator to port 1 via the
attenuation factor of a; is reflected by the reflection coeffi-
cient of v,,,. The noise expressed as a,y,,, is added to the
original noise in the relation of voltage summation, power
summation, or voltage cancellation depending on the phase
of ajv,5. In the case of power summation, the noise
temperature degradation is

AT;, = |a37a22|2Tai-

It’s maximum and minimum values correspond to

(37)

2
B, Y2V3 Y3
= +=|[—= ————— I ;
ATy, {'“2Ya22| (a + e, aa,T, T,
B Y2Y Y 2
122 4213 3 )
( o * a0, o, L, ) Tai (38)

where + and — signs are applied, respectively. An exam-
ple is shown in Fig. 9.

V. NOISE TEMPERATURE MEASUREMENT ERROR

The equivalent circuit of the HOT/coLD load measure-
ment is expressed as shown in Fig. 10 applying similar
ideas as described in the previous section. Assuming the
scattering matrices of the lossless circuits X, and X, to be

Yar Bz Yu B
[BhZI ] [Bc?ll 'Yczz] (39)

respectively, the noise temperature at the reference point H
becomes, based on the analogy of (36)

Yr22

1
TNE |2(Te+Tz+Tfh) (40)
K21
where
2
B, Y2Y3 Y3
Ty, ~ p RIKE /P aa, | oL, | @

and that at the reference point C,
1

|B021|2

(T, + T, +Ty,)

(41)
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where

Y273 + Y3
aa, ol | "9
1“2 1“2+a

~| 2 _
ch . + 3%,
1

Assuming the physical temperatures of the HOT/COLD
loads to be T, and T, (K), respectively, the measured Y
factor becomes, by using (40) and (41)

— Th+(Te+T2+Tfh)/’Bh21|2
T, +(T,+ T, +T.) /| B |?

(42)

usually
l:Bh21|2:1_ [Yaur|?
|:3c21|2:1_ |Yeus |2

Ml % [ven |? <1

(43)

being considered, (42) is approximately written
_T, (T, +T,+ Tfh)(l + ‘Yh11|2)

y= : (44)
Tc+(Te+Tz+ch)(1+ ch11|2)
Expressing
Ty, =T, + ATy, (45)
T;,=T; + AT;,

and assuming that the real value of the noise temperature
to be measured is

T,=T,+T,+T; (46)
Y factor becomes
_T,+T,+AT,
Y= T.37,¥ 51, 7
where
AT, = AT, + Y112 (T, + ATy,)
AT;w = Ach + |‘Ycllt2(7;1 + Ach)'
Consequently, (47) can be transformed into
T, — YT, _ YAT, — AT,
Y—-1 L+ Y—1 ’ (48)

Since the left-hand term of (48) is the equation used to
calculate the noise temperature using the measured Y fac-
tor, it should be equal to 7, in ideal case. However, it
differs from 7,, by
YAT, — AL,
Y—1

which corresponds to the measurement error.

Though the reflection coefficient of a usual termination
is less than —20 dB, that of HOT load specially designed
for measurement purpose can be reduced below —32 dB.
A covLD load reflection coefficient of less than —26 dB can
be attained, in spite of the disadvantage of having a more
complicated configuration which includes a liquid nitrogen
coolant. Therefore, considering

(49)

—10log|y,, |2 =32, — 10log|v,,,|>=26  (50)
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the measurement error around 7, ~ 40 K becomes

YAT,.—AT,, _ YAT; — ATy,
Y—1 B Y—1 ) (51)
An example of the error is shown in Fig. 11 when 7, = 40
K, T,=298 K, and T, =80 K are assumed.

It is found that considerable error could occur as the
reflection coefficients of the HOT /coLD load and the circu-
lator becomes larger. Consequently, it is desirable to re-
duce those coefficients below at least —26 dB and less than
—32 dB for the best results.

VI. CONCLUSION

The noise generated by the parametric amplifier proper
is mainly influenced by «; and B,. The noise generated in
the circulator itself originates from its actual loss which
corresponds to the attenuation from port 1 to port 2 less
the reflection loss of ports 1 and 2. The noise contribution
introduced by the isolator is mainly governed by S,.

The noise-temperature degradation, introduced by con-
nection to an actual antenna, roughly corresponds to the
partially reflected noise from the isolator by the residual
reflection of the antenna. In detail, it varies depending on
the phase difference between the reflected noise from the
antenna and the original noise, and, in case of voltage
summation, reaches a considerably higher value than the
value estimated only by the residual reflection of the
antenna.

Similarly, the measurement error of the HOT /coLD loads
roughly corresponds to the partially reflected noise from
the isolator by the residual reflection coefficients of those
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loads. Depending on the phase relation between the re-
flected noise and the original noise, the error varies over a
very wide range.

The examples calculated based on the analysis have
indicated the rather alarming errors which are mainly
caused by the poor 23-dB isolation. Consequently, those
alarming errors would be significantly reduced if the circu-
lator’s isolation was improved to near 30 dB.

In conclusion, the results of this paper have significantly
improved the design capability in assessing the total
noise-temperature performance of a satellite communica-
tions LNA subsystem.

APPENDIX I
SCATTERING MATRIX OF THE CIRCULATOR IN ITS
OVERALL SENSE
Cascading (2) with (1), (3) is related to (2) and (1) as
follows:

Yt (BB~ Yu¥n)Y
n=-- ( 112_21 1t2) i =¥+ BB
Yi0Y22
(A1)
Y2 B
=Yyt alOTf_Z—L = Yo+ @1oB10Y22 (A2)
Y:
Ys =Y T Bso‘ju— =~ Y30 + Bso¥s0Y22 (A.3)
Yi0Y22
a; = Ba a0~ By (A4)
1= 710722
Yzzﬁlo
0y =y + By =a A5
2=yt By pp——— 20 (A.5)
o3 = ‘_‘BL'—%O = B30 (A.6)
1= Y072
B=—t2_p ~p.p, (A7)
1= 7v5072
y
B,=PBnta 10%‘30_ = By + ayp30ey; (A.8)
Bi= g =g, B (A9)
1= v072

Approximate equations are obtained by assuming |v;,Y»|,
[Yi0Y22| <1).

APPENDIX 11
INCIDENT NOISE POWER AT PORT 2

From (12), a, becomes

En
a,= (A.10)
1+T,
VZo (1+Yz)+ — (1—72)
1-T,
and thus it is transformed into
lEn|2 Zg + Z;‘

laz|? = (A.11)

1+T, Z,+Zr
Zo|(1+'Yz)+'i‘__F(1"'Yz)|2 £ ¢
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Assuming
Z,=—R+jX (A.12)
and using
Z, 1+T, (A.13)
Z, 1-T, '
(A.11) is expressed as
|a,? )
|E,|*>{1+T,  1+T*
_ —2R\1-T, 1-T%
h 1+T, 1+ T
{1+72+ﬁ(1_72)}{1+7;+ 1—I* (1_7;)}
a a
— IEnl2 I‘al‘;"—l
AR (1-7I)(1-wT)’ (A-14)
Consequently, it concluded that
2 : lral2 —1
|a,|* = {exchangeable noise power [4]} —*——.
1=,
(A.15)

APPENDIX II1
SCATTERING MATRIX OF THE EQUIVALENT CIRCUIT
SHOWN IN FiG. 4

Firstly, a symmetrical circulator is introduced as the
basis for the justification of the equivalent circuit and
characterized by the scattering matrix

Yo B @
a Y Bl (A.16)
Bo @ Yo
The eigenvalues of (A.16) becomes [5]
Apg=oay+ B+ v
A =age’Y 4 Be ¥+, (A.17)

A =age Y+ el +y,

where ¥ =27 /3. Thus, the eigenvalues of an ideal circula-

tor (ag =1, B, =0, vy, = 0) are expressed as
Ag =1
Aip=e’ (A.18)
A, A

The ideal circulator is characterized by three eigennetworks
whose reflection coefficients correspond to (A.18), respec-
tively, as shown in Fig. 12 [6].

Now, assuming that the eigennetworks of the symmetri-
cal circulator is composed of the ideal circulator and the
two-port network as shown in Fig. 12, the following rela-
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Fig. 12. Eigennetwork of a symmetrical circulator.

tions can be derived from this combination:
S128,

1

A

m0

A, =S+ (A.19)

- Szz

where m =0, +1, — 1. Assuming that the two-port network
is a reciprocal network, it is characterized by

S12 =5y (A.20)

Consequently, the following relations are derived from
(A.19) and (A.17):

_._B
Su="% a,
1
S122_a0 ——3) (A.21)
&y
B
S22 ?“—z
Since the symmetrical circulator is lossy, one has
1= Jag|® =] Bol* — |¥o|*>0 (A22)
and thus this is approximately transformed into
2 + 2
i By
The ideal circulator defined in [6] is characterized by
|Bo] = [l (A.24)

and moreover, an actual circulator usally expresses the
relation

|Bol = [0l (A.25)
Therefore (A.23) is approximately transformed into
oo <1=8p|? or 1= . (A.26)
On the other hand, usually
PNEESS|
| 0'2 , , (A.27)
lao|*>1Bo]% Yol
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Fig. 13.

being considered, one has
|S1212 + 18111 = || + 0]
11212+ 185 |% = [ag| + Byl

} : (A.28)

Using (A.26), (A.28) is transformed into
|11+ lsn|2<1}

A.29

S22+ 8,12 <1 (A29)
Consequently, the two-port network can be composed of a
passive network and the symmetrical circulator can be
expressed by an ideal circulator whose each port is con-
nected to a reciprocal passive network.

In addition, the two-port network can be expressed as
shown in Fig. 13(a). Those parameters defined in Fig. 13(a)
are related to the scattering parameters of the two-port
network as follows:

n=suL
R=SpLlly, (A.30)
S5, =813,
where
1 S
—— = |8, o S|
[L11|4 t 12| S22 | lll
1 S. 2
—— =S, +|S
IL22|4 | 12| S“ I 22|
1
1L, L I2:I‘g12|2+|S11Szz|~
1422
Usually
|Li| =1 (A.31)
being considered, (A.30) is approximately transformed into
Shi=Sy
Sia=S8pLyLy (A.32)
S}, =Syl L3,
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Thus, the two-port network can be approximately ex-
pressed as shown in Fig. 13(b). Consequently, it is also
possible to consider the symmetrical circulator is ap-
proximately equivalent to an ideal circulator whose each
port is connected to a two-port network as shown in Fig.
13(b).

Finally, the asymmetrical circulator characterized by the
scattering matrix (2) can be expressed by the equivalent
circuit mentioned above where the parameters shown in

Fig. 13(b) is slightly varied port by port, because the’

scattering parameters of (2) deviate from (A.16) by a small
extent,

Similarly, the circulator in its overall sense characterized
by the scattering matrix (3) can also be expressed by the
same equivalent circuit as above by cascading (1) with the
two-port network included in port 1 of the asymmetrical
circulator. And thus it is possible to express the circulator
in its overall sense as shown in Fig. 4.

In Fig. 4, assuming the scattering matrix of the lossless
circuits X, to be

Yin ,3,'12 ]
A.33
[,3,'21 Yiz2 ( )
where
il = [Yiz2] Biz =B [Yaul® + 1Bz |> =1
that of the loss circuits L, to be
0 1/L,
[ 1/L, 0 } (A.34)
and that of the ideal circulator to be
0 0 e/
e 0 0 (A.35)
0 ej¢2 0

the overall scattering matrix components are expressed as

3
L o 1 Yi1Yi2z
Dy, =y, ——’+ef¢—~(,8. __1__!__)
i ,'I;Il BilZ Li 2 Bi12

Y+ 1n22Y+2)22 (A3 6)

Li+1Li+2:B(z+ 1)123(z+2)12

— _yb: Yi1Yio2 L,
Do, = e/%i (,B — - ) !
' { 21 Bz | BazBisoyz

+ Yi1217i22Li+2} (A.37)
IIZB(I+2)]2

Y+ Y+ 122 )
B(H— D12

DB;= ej(¢_¢'){( Bl

Ya+2)22

Yo+ Y+ 022Yu+2)22
2 2
Li 2B+ pia B+ L2 B Biran

(A.38)
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where

and i +1 and i +2 corresponding to 4 or 5 reads 1 or 2,
respectively. Usually, |v,5,| <1 being considered, it is possi-
ble to assume approximately

(A.39)

and then the overall scattering matrix components are
approximately expressed as

Bia 2+ 22 Yi+2)22
272712
LiLL;

Yi =Y

- BJZIB(H-I)IZ |

A 40
% LLi: ( )

B ~ :BzIZB(i+1)217(i+2)22
' L\L,L;L,,,

J

where e’pi /L, L, | is newly converted into 1 /L, L, ,. Con-
sequently, the following relation is obtained:

:Biﬁi-f-Z .

Qip

Yu=Y— (A.41)

APPENDIX IV
SCATTERING MATRIX OF THE CIRCULATOR
INCLUDING THE LOSSLESS CIRCUIT X, SHOWN IN

F1G. 8
Assuming the scattering matrix of the lossless circuit X,
to be
[Yall ﬁalZ] (A.42)
Bzt Yax
where

[Ya11l = | Ya22> BalZzBaZI’IYa11|2+ |Ba12[2 =1

and the scattering matrix of the circulator including X, to
be

i Bl
A A - 4 (A.43)
B o, m

based on Appendix I, the components of (A.43) are ap-
proximately expressed as, because of |V, Y2, | V1Ya22| <1,

Y= Yo + Bian (A.44)
Y2 =1, T a1BiYen (A.45)
13 =3+ BysYan (A.46)
o= By (A.47)
o= a, (A.48)
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and
ay = B, 1,05 (A.49)
Bl = B2 8 (A.50)
B~ B, + a3y, (A.51)
B~ B Bs- (A.52)

When X, is connected to the circulator characterized by
Fig. 4, the overall scattering matrix components can be
obtained by applying the scattering matrix of the combined
lossless circuit X7 of X, and X, as follows:

,YI B/
['31’11 ,112} (A.53)
121 Yin
where
’ . ﬁalZ Y
Yin=Ya t 1 __.Yazz_‘_zly::: = Y1 T BazBaaiMin (A-54)
a
’ Bll2BlZlYa22
Yiz= Yz T 1'_“7-_22711-1- =Yy T B2 BinYaz
a
(A.55)
B2 Bin
Bl =t~ (A.56)
n Tz Yoma Y111 212P112
' B.21Bin
Bia= 1 _4 —=f,18121- (A~57)
Ye22Y111

Approximate equations are obtained by assuming |v,.,Y11;
|<1.
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